INTRODUCTION w x
Let k be a field of characteristic not equal to 2. Springer Sp proved that if q is quadratic form over k, which acquires an isotropy in an odd degree extension of k, then q has an isotropy over k. This, in particular, implies that if two quadratic forms over k are isometric over an odd degree extension of k, then they are isometric over k. This latter version is referred to as the weak form of Springer's theorem. Similar problems have been posed for hermitian forms over finite dimensional central simple algebras over k, with involutions and in fact in a much more general setup w x Se for algebraic groups. The weak form of Springer's theorem for w x hermitian forms was proved by Bayer-Fluckiger and Lenstra in BL and the analogue of Springer's theorem for hermitian forms was raised as an w x open question in BST . The aim of this paper is to settle this question in the affirmative for hermitian forms over quaternion algebras with respect to involutions of the first kind. We prove that if A is a quaternion algebra over k, is an involution of the first kind and h is an hermitian form over A which becomes isotropic over an odd degree field extension of k, then h is isotropic over k. We also give an example of a central simple division algebra D of odd degree with a unitary involution and an anisotropic hermitian form over D, which becomes isotropic over an odd degree extension. Throughout this paper, k denotes a field of characteristic not equal to 2 and A denotes a finite dimensional central simple algebra over k. By an A-module we mean a right A-module. Since A is a central simple algebra over a field k, we note that all modules over A are projective.
AN ''EXCELLENCE'' RESULT FOR HERMITIAN SPACES OVER CONICS
We prove a hermitian analogue of an ''excellence'' result for quadratic forms over conics; namely if C is a conic over k and q is a quadratic form Ž . Ž . over k, then the anisotropic part of q m k C , where k C is the function field of C, is extended from k. 
the second one being induced by the reduced trace map
is self-dual as a vector bundle over C and the degree of E E is zero. We 0 Ž .
Thus E E has a global section s and the evaluation of the hermitian form 0 Ž . on s gives an element of H C, A A s A. Then the restriction of the Ž . 0 Ž . Ž . , ⑀ -hermitian space on H C, E E to As gives an , ⑀ -hermitian space Ž over As. This form is anisotropic since otherwise the form h on E E would . be isotropic . In particular the form on As is non-singular. The restriction of h to A As is the pullback of the form on As and hence is non-singular. Ž . Therefore A A splits off a , ⑀ -hermitian subspace which is extended from A and we complete the proof by induction on the rank of E E. 
Ž w metric form over L. Further, and induce homomorphisms cf. S,
0 be the homomorphism defined as follows:
Ž . Ž w x. THEOREM 3.1 cf. S, PSS . With notation as abo¨e, the sequence
With the notation as above, we have the following lemma.
LEMMA 3.2. Let H be a quaternion algebra o¨er a field k and let be the Ž . canonical in¨olution on H. Let C be the conic associated to H and let k C be the function field of C. Let L be a maximal commutati¨e subfield of H. Then the sequence
Proof. Let n denote the norm form of the quaternion algebra H over H k and let n denote the norm form of the field extension L over k. We L w have the following identifications, for the proofs of which we refer to S, x Chap., 10, 1.3, and 1.7 ,
Ž . n W k . With these identifications, it is easy to see that the sequence in L the lemma coincides with the sequence
with the canonical homomorphisms. Hence to prove the lemma, it is w x enough to show that the above sequence is exact. By S, Chap. 4. 5.4 , the Ž . Ž Ž .. Ž . kernel of the map W k ª W k C is n .W k . This proves the lemma.
H PROPOSITION 3.3. Let H be a quaternion algebra o¨er a field k and let be the canonical in¨olution on H. Let C be the conic associated to H and let
Ž . k C be the function field of C. Then the canonical homomorphism
is injecti¨e.
Proof. For a field extension E of k, let H denote the quaternion E algebra H m E and let denote the standard involution on H . We
Ž . with exact rows cf. 3.1 , where L and are as in 3.1. Let h be a Ž . COROLLARY 3.4. Let H, , and be as in 3.3 . Let h be a y1 -hermitian Proof. The involution on A corresponds to a hermitian form h over Ž . H, Ј for some involution Ј on H of the first kind. Further, is w x w x isotropic if and only if h is isotropic BST , Corollary 1.8 . The corollary follows from 3.5.
AN EXAMPLE
In this section we give an example of an odd degree division algebra D over a field K with an involution of the second kind over k and an Ž . anisotropic hermitian form h over D, which is isotropic over a degree 2 extension and over an odd degree extension of k.
Let K be a field and let be the group of pth roots of unity. For that is a norm from l t *, where p is the degree of D. Since p is ŽŽ .. ŽŽ .. odd and l t is a quadratic extension of k t , it follows that is a norm ŽŽ .. ww xx from l t . Since g k, it follows that is a norm from a unit in l t . By putting t s 0, it is easy to see that is a norm from l*, leading to a contradiction to the assumption on . Thus h is anisotropic over D. Let
